Remember it is how you solve the tasks that counts — not just the specific results. You should 
writ, step by step, the method of solution/ideas in a strict and understandable way. 


Linear Algebra 
Homework 1, Lectures 1-3 
Vectors, complex numbers, polynomials 
Review vectors; sum, dot product 


u = [xx], v=[ypy2], then u-v= |ully|cosé = xy, + x2y2 





0. a) Find analytically and graphically the sum of vectors u, v, (the tails are in the origin of 
the coordinate system), their lengths and dot products 

L u=(31)y=(31) 2u=(42),v=01) 3 w=(-12)v=(12) 

b) Find the the cosine of the angle between v and w , which of the pairs of vectors are 
perpendicular (orthogonal)? 

lu=(3,-1),v=(42) 2 u= (1,2),v=(—-2,1)  3.u=(0,1),Vv = (1,0) 

4. u = (1,1),v = (1,0) 

c). Determine all the vectors which are perpendicular (orthogonal) to the vector v. 


1. u = (1,2) 2. u = (2,3) 3. u = (0,1). 


Complex numbers 


?®=-1  vVīi={i-i} 
z = x + İy = r(cos æ + i sin æ) =r e!" 


x : Md 
cosa=—-; sina =—; 
r T 


—m <Argz<T; a=argz=Argz+2knT. 


r= |z| = yx? +y? ; 


a 210 a 210 
4 = , , y") ; = Ñ = k=) i Si (= k—)) 
MZ ZZ wn Zs Br = VF ( cos (< +k—~)+isin( +k 





1. Determine the following: Re [(2+5i)/(-1)] ; conj (3+2i) ; [3-33 


2+ 5i 245i 
a) Re[(2+5i)(3-40],  Im[(2+5i)(3-40] b) Re | | Im | | 








l— 














2+ 5i ————— 
c) |3+5i-3+i| a) = e) (-i+2)(44+2i) f) ja+bi-4+3i| 
i7(1+i)® | i7 | 
— h) Im|=— 
o-er ) miaza 
2. Find the absolute value |z|, the Real and Imaginary parts of z: Re(z), Im(z), for 
a) z=i°+3i7-3 b) z = (2 + i? + 3i)(1 — 4i) c) z= (1-i)* 
{9 +D +D +D? ... (1 ++i) 
d) z= ——, è) 2° — _ = a ee 
a-i)! i? +i? tittis teti? 


3. Solve the following equations for z € C, it is possible that there are no solutions or there 
are more than one. 


a) z2-z+1=0 b) z2-2z+5=0 c) z22+V7z+2=0 

d) izt—z+2i=0 e) 2#4+(1- 22 -i=0 f) 224+(1+)z=1-3i 
= = a+ 1 

g) 27=3+4i h) (2+7)+2(z-Z) =3+8i i) ag 

j) z-i=2z4+1 k) 6+iz+2z? = D —2z7+6i° -8i =0 


4. Sketch the following sets in the complex plane 





a) s=fzec: Re[z| < Re E= 








— 
ee cee ee 
c) s=fzec: Re |z] > Im =) 


d) S={zE€C: Re[(4—i)z] > Re [(-5 + 7i) (4 + 6)]} 

5. Calculate the argument arg (z) and the main argument Arg(z), of z. 
a) Arg(1—i); arg(1 — i), b) Arg( V3 + i); arg( V3 + i), 

c) Arg(v2-iv6),  arg( V2 —iv6) 


6. Plot the following points, find their polar form (i.e. trigonometric form) and their 
exponential form* 


a)z=2i, b)z=-3 c) z=-2+2i d)z=—3i e) z=-1-i 


f) z= -v3 +i g) z=1+iv3 h) z = —4 — i 4V3 
i) z=i (Li) j) z= (—1 +i)? 


7. Sketch the following sets in the complex plane, mark the main points (wedges and circles) 


a) S={zEC:|z+3-2i| <2} b) S={zEC:|z+3-2i| < |V2 + 2il } 
= TT 
c) S={zEC:|Z+3-2i| <2} d) S={zeC:Arg(z) <5} 
e) S={zec: -5< Arg} N s=fzeci-Z <ar ws) 
= TTA AY z aen oa 


31 = TT 3T TT 
g) s=fzec: -Z <arg(z) <5} h) S = fzec:-Z<argz-2+0) <7) 


i) S={zeEC: Arg(i) < arg(z) <Arg(-1+)} j) S={zeC:liz+3-2i| <2} 
-= EL pTi 2 \o= a ee 
k) S={zec: 5 <arg(G+1) 2)) <7} ')s={zec: > < arg( z?) <5} 
m) S=fzec: 0 < arg (-) < Arg(3 + 3i)} 
< 7) S 
n) S={z€C: Arg(1 -— 3i) <argz < Arg(-2 + 5i)} 
m) S ={z EC: Im[(2 + D3 +50] > |z -3 +i| > |v5 + 2i | 
TC 
A Arg(3 — i) < arg(z) < Arg le 2] 3 
8. Sketch the following sets in the complex plane, mark the main points (mixed regions) 
TT 
a)S={zEC: 1<|z-1-i <3, 0<Argz <>] 
b) S = {z E€ C: Im[(1 + 2i) -z — 3i] < 0} 
c) S ={zE€C:|z—34+4i|<5,Rez>=3, Imz<-3} d)S={zEC:z+i=z-1} 





leca Le sabere hi 
R R T = RT S To 
g)S={z€C:liz +1-i| <2} h) S={zec:|z-i+1| <3} 
i) S={zec: |z—2i|+|z+2i| = 4} J) S={zeEC:|z +i| < 2} 
9. Find Arg(z), |z| for the following complex numbers 
iny* in (=3-+3))"" in 
a) z= (e5) b) z= (+e =e) z= Sse) z =i 


in 
ee) 
10. Let z = —1 + i, write the following complex numbers in exponential form 
1 
a)-—z b)iz c)- 
Z 
11*. Let z = 2 (cos* + isin z), write in exponential form 


a)—z, b)iz cc) 1/z, d) Z, e)(1+iv3)-z, f)z™. 


12. First express the complex number Z as in polar form , exponential form and in 


algebraical/canonical form z = x + iy. 


es 10 ARDS a 1+9? 
a) z = (43 +i) Maara OF En 
ot) 23 4 744 
d = (1~-iV3)°(-1-0* ee cae es 
a aa AE ea aa Cee 


13*. Calculate the Cartesian coordinates of the point Q(x, y) obtained by rotating point 
P(2,3) by 60° around (0,0) (hint: use the multiplication of complex numbers). 


14. Calculate and plot in the complex plane, the real and imaginary parts of the following 


numbers, remember there might be more than one value. Where possible find the algebraic 
values of the coordinates 


a)V—-4i b)Vi © VII d) V-1 +i e) V81 fP [2V3 -2i 
g)V5+12i h)V8+6i 


15. Solve for z: 








zí 3 
— +2. 4 _ +6 A2 __ ala 
) aay h b) if- z* = i9, c) z1 +i) =1, d) ra En 
i 1 z* 
--—=0 = V2e'4 
BT T Drp Ves 


16. Let z, = 3i + i?, = = . Plot these points in C. 

a) determine Z = Z4 + Zp, 

b) determine z = /Z, F Z2, 

c) determine Z = Z4 - Z2 

d) determine z = z3* 

e) give the geometric interpretation of the above operations (sum, product, cubic root, 
power) and plot the results. 

17*. Use the de Moivre’a Formula to determine the dependence of sin 2q and cos 2æ on 


the functions sina and cosa. 


18*. Use the exponential form to solve 
Iz|* z 


a) |z|? =iz*, b) —; = -1, z#0 
Z 





, R E l 
19*. Write z = zt is in exponential form 


a) calculate all the possible integer powers of z: z",n E€ I, I = Integers 


b) the powers of zÍ, where i is the imaginary unit i? = —1. 


20. Calculate the power et, where i is the imaginary unit i? = —1. 
P ginary 


21. Find all the complex roots of the equations 


a) z? —-z? +3z+5=0 b) 2z? + 4z? +3z+6=0 c) z? +2z?+z+2=0 
7 3 1 

d) z -4z -=z-==0 

a gg 

22. Let 

a)z =2 +i be one of the roots of z* — 2z? + 7z? — 30z + 50 = 0 find all the other roots, 

b) z, = —ivV2, z, = i be two of the roots of zê — 2z° + 5z* — 6z? + 8z? — 4z +4=0 


find all the other roots. 


23. Write out a polynomial with real coefficients of the fourth degree which has the 
following roots: z4 = 1- i, Z, = 3i. 


